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Maths Primer

This is a revision course designed to act as a mathematics refresher. The
volume of work covered is significantly large so the emphasis is on working
through the notes and problem sheets. The four topics covered are

e Calculus
e Linear Algebra
e Differential Equations

e Probability & Statistics
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1 Introduction to Calculus

1.1 Basic Terminology

We begin by defining some mathematical shorthand and number systems

d there exists —— which gives = equivalent

Y for all s.t such that ~ similar

‘. therefore . such that € an element of
because iff if and only if lx a unique x
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Natural Numbers N = {0,1,2,3,.....}
Integers (=N) Z ={0, +1, +£2, £3, ..... }
Rationals 2 : p,q € Z; Q = {%, 0.76, 2.25. 0.3333333....}

Irrationals Q = {ﬂ, 0.01001000100001..., , e}

Reals R all the above

Complex C = {:1:—|—'L'y g = \/——1}
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(a,b) =a<x<b open interval
[a,b] =a <2 <b closed interval
(a,b] =a <z <D semi-open/closed interval
[a,b) =a < x <b semi-open /closed interval

So typically we would write = € (a, b).

Examples
—0 < x < oo = (—00,00)
—o0 < z<b=(—o00,b]
a < z<oo=]a,x)
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1.2 Functions

This is a term we use very loosely, but what is a function? Clearly it is a type of
black box with some input and a corresponding output. As long as the correct
result comes out we usually are not too concerned with what happens 'inside’.

A function denoted f (x) of a single variable x is a rule that assign$ each éle-
ment of a set X (Writte@o exactly one element y ofasetY (y €Y).
AN

A function is denoted by the form y = f(x) or x — f (x).

We can also write f : X — Y, which is saying that f is a mapping such that
all members of the input set X are mapped to elements of the output set Y.
So clearly there are a number of ways to describe the workings of a function.

For example, if f (z) = 23, then f(—2) = —23 = —8.
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We often write y = f (x) where y is the dependent variable and x is the
independent variable.
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The set X is called the domain of f and the set Y is called the image (or
range), written Domf and Im f, in turn. For a given value of x there should
be at most one value of y. So the role of a function is to operate on the
domain and map it across uniquely to the range.

So we have seen two notations for the same operation.

The first y = f(x) suggests a graphical representation whilst the second
f : X — Y establishes the idea of a mapping.
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There are three types of mapping:

1. Foreach z € X, Jone y € Y. This is a one to one mapping (or 1 — 1
function) e.g. y = 3z + 1.

2. More than one x € X, gets mapped onto one y € Y. This is a many to
one mapping (or many —1 function) e.g. y = 2z2 + 1, because = £2
yields one .

3. Foreach z € X, d more thanone y € Y, e.g. y = +/x. This is a many
to one mapping. Clearly it is multivalued, and has two branches. We will
assume that only the positive value is being considered for consistency with
the definition of a function. A one to many mapping is not a function.
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The function maps the domain across to the range. What about a process
which does the reverse? Such an operation is due to the inverse function which
maps the image of the original function to the domain. The function y = f (x)
has inverse © = f~1(y). Interchange of = and y leads to consideration of

y=f"1(z).

The inverse function f~1 (z) is defined so that

F (71 (@) =z and f71(f () = =.

Thus z2 and V& are inverse functions and we say they are mutually inverse.
Note the inverse /x is multivalued unless we define it such that only non-
negative values are considered.

Example 1: What is the inverse of y = 222 — 1.
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i.e. we want y —1. One way this can be done is to write the function above as

r=2y%—1
and now rearrange to have y = .... so
jx+1
YTV T2
1
Hence y ~1(z) = T . Check:

r+1
2

2
yyl(fv)=2( ) —1=z=y ly(z)

Example 2: Consider f () = 1/z, therefore f~1(z) = 1/x

Domf = (—00,0) U (0,00) or R — {0}
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Returning to the earlier example
Y = 277 — 1
clearly Domf = R (clearly) and for

-1 . 37'4— 1
y " (x) = 5

to exist we require the term inside the square root sign to be non-negative, i.e.
xTH > 0= x > —1, therefore Domf = {[-1,00)}.

An even function is one which has the property

f(==z) = f(z)
eg. f(x) =z
f (x) = x3 is an example of an odd function because
f=z)=—f(x).

Most functions are neither even nor odd but every function can be expressed
as the sum of an even and odd function.
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1.2.1 Explicit/Implicit Representation

When we express a function as y = f (), then we can obtain y corresponding
to a (known) value of x. We say y is an explicit function. All known terms
are on the right hand side (rhs) and unknown on the left hand side (lhs). For
example

y:2m2—|—4a:—16:O

Occasionally we may write a function in an implicit form f (z,y) = 0, al-
though in general there is no guarantee that for each x there is a unique y.

2

A trivial example is y — x“ = 0,which in its current form is implicit. Simple

rearranging gives y = 22 which is explicit.
A more complex example is 4y* — 2y2:r:2 — ya:z + 22+ 3=0.

This can neither be expressed as y = f (x) or x = g (y) .
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So we see all known and unknown variables are bundled together. An implicit
form which does not give rise to a function is

y2 + 22— 16 = 0.
This can be written as

y =1/16 — 2.

and e.g. for £ = 0 we can have either y =4 or y = —4, i.e. one to many.
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1.2.2 Types of function f (x)

Polynomials are functions which involve powers of x,

y = f(z) Zao—|—a1x—|—a2x2—|— .....
ot a, 12"+ apz™

The highest power is called the degree of the polynomial - so f (z) is an nth

degree polynomial. We can express this more compactly as

f(z) =3 apa®
k=0

where the coefficients of 2 are constants.

Polynomial equations are written f(z) = 0, so an nt" degree polynomial
equation Is

anz™ +a, 12" L+ ... + arz® + a1z + ag = 0.
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k = 1,2 gives a linear and quadratic in turn. The most general form of
quadratic equation is

a:z:2+b:13—|—c:O.

To solve we can complete the square which gives

(e+ L) - 2+5 = 0

4q2 a
b\2 _ b2 € _ b?—dac
(z+3)" = 22", 4a?
T+ b _  EVb?—dac
2a 2a
and finally we get the well known formula for x
—b+ Vb2 — dac
x = :
2a

There are three cases to consider:

(1) b — 4ac > 0 — x1 # x5 € R : 2 distinct real roots
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b
(2) b2—4ac:O—>a:::c1:x2:—2—€]R:onetwofold root
a

(3) b2 — 4ac < 0 — x1 # xo € C — Complex conjugate pair
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1.2.3 The Modulus Function

Sometimes we wish to obtain the absolute value of a number, i.e. positive part.
For example the absolute value of —3.9 is 3.9. In maths there is a function
which gives us the absolute value of a variable x called the modulus function,
written |z| and defined as

x x>0
y = |zl = —xr x<0’

although most definitions included equality in the positive quadrant.

uuuuuuuuuuuuuuu
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This is an example of a piecewise function.

The name is given because they are functions that comprise of 'pieces’, each
piece of the function definition depends on the value of x.

So, for the modulus, the first definition is used when x is non-negative and the

second if = is negative.
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1.3 Limits

Choose a point xg and function f(x). Suppose we are interested in this
function near the point x = xg The function need not be defined at x = xg.
We write f (z) — | as ¢ — xq, "if f (x) gets closer and closer to [ as x

gets close to xg". Mathematically we write this as

xl|—>n;:0f () — 1,

if 9 a number [ such that

e Whenever x is close to x

e f(x) isclose to .
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The limit only exists if

f(x) — lasz— xy

+
f(z) — lasz— x4

Let us have a look at a few basic examples and corresponding "tricks" to
evaluate them

Example 1:

lim (x2+2:13+3) — 5 04+0+3—3:
r—0
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Example 2:

2
| r2 + 2z + 2 | iz"‘ig"‘ﬁz
m p— Im o
r—00 332 4 4 T —00 3;1322 _|_%
1+2+ 35 1

Example 3:

. z2—9 .
lim = |

r—3x — 3 x—3 (.CU — 3)
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A function f (x) is continuous at xzg if

lim f(z) = f(@0).

r—x

That is, 'we can draw its graph without taking the pen off the paper’.
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1.3.1 The exponential and log functions

The logarithm (or simply log) was introduced to solve equations of the form
a? = N
and we say p is log of N to base a. That is we take logs of both sides (log,)
log, o = log, N
which gives
p = log, N.
By definition log, a = 1 (important).

We will often need the exponential function e* and the (natural) logarithm
log,x or (Inx).
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Here

e = 2.718281828. ...

which is the approximation to

1 n
lim (1 + —)
n—aoo n
when n is very large. Similarly the exponential function can be approximated

from

€T mn
lim (1 + —)
nMn—00 n

In 2z and e are mutual inverses:

log (e%) = /87 = .
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Also

1 _
— = 7.
e.’,U
Here we have used the property (a:“)b — 2% which allowed us to write
1 _ (-1 _ —=x
== (") T =e"
Their graphs look like this:
Exponential Functions logx and Inx
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Note that e® is always strictly positive. It tends to zero as x becomes very
large and negative, and to infinity as x becomes large and positive. To get
an idea of how quickly e® grows, note the approximation e = 150.

Later we will also see 6_5’32/2, which is particularly useful in probability. This

function decays particularly rapidly as |z| increases.

Note:

(recall z%.2% = 291?) and

log (ry) = logx + logy, log(l1/x) = —logx, logl = 0.
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x
log (—) = logx — log y.
Yy

Dom (e*) = R, Im (e*) = (0, o0)
Dom (Inz) = (0,00), Im(lnz) =R

Example:

im e % — 0: lim €% — co: lime® — &9 = 1.
T— 00 T—00 7—0
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1.3.2 Trigonometric/Circular Functions

sin x is an odd function, i.e. sin(—x) = —sinx.

E Is periodic with period 2ﬂ sin (z + 27w) = sinx. This means that after
every 360° it repeats itself.

sine =0<— x=nnVn € Z
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Dom (sinz) =R and Im (sinz) =[—1, 1]

cos x is an even function, i.e. cos(—x) = cosz.

It is periodic with period 27: cos (x + 27w) = cos .
cost=0<=zxz=02n+1)5VneZ

Dom (cosz) =R and Im (cosx) =[—1, 1]

sin
tanx =
COS I

This is an odd function: tan (—z) = tanx

Feriodic: tan(x +7) =tanz

Page 29


Fanyu Zhao

Fanyu Zhao


I
[
[
I
e
I

Dom:{az:cosaz;«éO}:{a::a:;é(2n—|—1)%; nGZ}:R—{Qn—I—l)%; nGZ}

Trigonometric ldentities:

cos’z +sin°z = 1; sin(z+y)=sinzcosy =+ coszsiny

tanx + tany

cos(x =y) = cosxzcosy Fsinzsiny; tan(z +y) =
1 Ftanxtany

Exercise: Verify the following sin (a: - g) — cosT; Cos (% - :1:) — sin .

The reciprocal trigonometric functions are defined by

1 1 1
secxr = ;, CSCT = — » cotx =
CosS T SInx tanx
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More examples on limiting:

: : . sinx _
lim sinz — 0; lim >1; lim || — O
x—0 r—0 2x x—0
What about lim m?
r—0
lim m = 1
rxr—0t x
T
lim |—| = —1
r—0— X

€T .
therefore — does not tend to a limit as z — O.
T
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Hyperbolic Functions
. 1 T —T
sinhx = > (e — e )

Odd function: sinh (—x) = —sinhz

Dom (sinhz) =R; Im(sinhx) =R
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coshx =

(e‘” + e_x>

N |

Even function: cosh (—x) = cosh x

Dom (cosh x) =R, Im(coshx) = [1, o0)

coshox
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sinh

tanhx =
cosh x

Dom (tanhz) =R; Im(tanhz) =(—1,1)

Identities:

1

sinh x cosh y 4+ cosh x sinh y

cosh? z — sinh? z
sinh (z + y)
cosh (x +y) = coshxcoshy + sinhxsinhy
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Inverse Hyperbolic Functions
y =sinh 1z — z = sinhy = eXpy_ZXp(_y);

2x = expy — exp (—y)

multiply both sides by expy to obtain 2ze¥ = e2¥ — 1 which can be written
as

(e¥)? — 2z (e¥) — 1 = 0.

This gives us a quadratic in €Y therefore

2r + VA4x? + 4
eY¥ = * 233 * —x+ a2 +1

Now V22 +1 >z = z— V22 + 1 < 0 and we know that €Y > 0 therefore
we have e¥ = = + v/22 + 1. Hence taking logs of both sides gives us

x—l—\/xz—l—l'
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Dom (sinh—lx) —R: Im (sinh_1x> —R

Similarly y = cosh™'z — 2 = coshy = eXpy+2XP(—y);

2z = expy + exp (—y) and again multiply both sides by exp y to obtain

(e¥)?> — 2z (e¥) + 1 = 0.

ey =x+\/x?2 -1

and
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We take the positive root (not both) to ensure this is a function.

w—I—\/x2—1|

cosh_1 r = In

Dom (cosh _1m) =[1,00); Im (cosh_1 x) = [0, c0)

2 1 5 g 1w

We finish off by obtaining an expression for tanh— ! z. Put Yy = tanh 1z —

expy —exp (—y)
expy + exp (—y)’

xr = tanhy =

zexpy + zexp(—y) = expy — exp (—y)
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and as before multiply through by e¥

rexp2y+x = exp2y—1

1
exp2y(l—z) = 14+ — exp2y = 1—|—a:
— T
taking logs gives
1 1
2y =In —I—x‘ :>tanh_1a:=%|n —I—a:‘
1 —=x 1 —=x
Dom (tanh _1:c> =(—-1,1); Im (tanh_1 a:) =R
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1.4 Differentiation

A basic question asked is how fast does a function f (z) change with =? The
derivative of f (x), written

d
—f - Leibniz notation
dx

or

f'(x) : Lagrange notation,

Is defined for each x as

)t L@+ =1 (@)
dx—0 dx
assuming the limit exists (it may not) and is unique.
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The term on the right hand side f(x+5§2_f(x) is called Newton quotient.
Differentiability implies continuity but converse does not always hold.

There is another notation for a derivative due to Newton, if a function varies
with time, i.e. y = y (t) then a dot is used

Yy
We can also define operator notation due to Euler. Write

d
D=—.
dx

Then D operates on a function to produce its derivative, i.e. Df = %
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The earlier form of the derivative given is also called a forward derivative.
Other possible definitions of the derivative are

fz) = &leo— (f(x) — f(x — d0x)) backward

f(z) = lim —(f (z 4+ 6x) — f (x — dx)) centred

57202077

Example: Differentiating z3 from first principles:

flz) = a7
Flz+6z) = (x4 6z)° =23+ 623+ 326z (z + 6x)
_ 3
f(z+ (5533) f (x) _ dx> + 333?:1: (x + éx) 522 4 322 + 3w6a
T x

— 322 as 6z — 0
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ixn _ nxn—l; iem _ ea:’ ieax _ aeaaz’

dx dx dx
d 1 d . d . d 2
—logxr = —; —cosx = —sinx; —sinx = cosx, —tanx = sec“x
dx r dx dx dx

and so on. Take these as defined (standard results).

Examples:

f(z) = 2°>— f'(z) = 5a*
g(z) = & — ¢ () =3 = 3g(x)
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Linearity: If X\ and p are constants and y = Af (x) + pg (x) then

dy
dx

N di (M (@) + pg (2)) = Af' (z) + pg' ().

Thus if y = 322 — 6e 2% then

dy/dz = 6z + 12e %%,
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1.4.1 Product Rule
If y = f(x) g (x) then

d

W p@)g(@)+1 ()9 ().
x

Thus if y = 23e3% then

dy/dx = 3223 + 23 (36333) = 322 (14 z) 3%,
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1.4.2 Function of a Function Rule

Differentiation is often a matter of breaking a complicated problem up into
simpler components. The function of a function rule is one of the main ways

of doing this.

If y = f(g(x)) then

dy

o= (g(x))d (z).

Thus if y = 4% then

2 2
dy/dx = e**" 4.20 = 8ze*™.
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So differentiate the whole function, then multiply by the derivative of the
"inside" (g (x)) .

Another way to think of this is in terms of the chain rule.

Write y = f (g (x)) as

y:f(u)a u:g(w)
Then

dy B d _dud 0 /
Yoo Ly =" p )= g/ @) 1 ()
= ¢ (z) ' (9(2)).

Symbolically, we write this as
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dy dudy
dr  dxdu
provided w is a function of = alone.

2 .
Thus for y = €%, write u = 422, y = e%. Then

d dud 2
dr  dxdu
Further examples:
y = sin x3
y = sinu, where u = z3
y’ — COS u,3x2 — y, = 3$2 CcoS 333
y = tan? z : this is how we write (tan a:)2 so put
y = u? where u = tan z
/ 2 2

y = 2u.sec*x — y = 2tanxsec’ x
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y=Insinx. Putu=sine — y=Inu

dy 1 du
— =—, — =cosx
du v dx

hence 3/ = cot z.

d
2 2 to show ey — 2SeC X CSC T

Exercise: Differentiate y = logtan r
x
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1.4.3 Quotient Rule

g @

— then
g(z)

dy _g(@)f' (=)~ f(2)d (=)

dx (9 (2))?
Thus if y = e3% /22,
dy 123e3% —2ze3%  3p —2 3
— = = ———~e¢".
dx 4 3

This is a combination of the product rule and the function of a function (or
chain) rule. It is very simple to derive:
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f(z)

Starting with y =

and writing as y = f (z) (g (z))~! we apply the

g (x)
product rule
dy df _1 d _1
I %(9 ()~ + f(@@(g (x))

Now use the chain rule on (g (z))™!; ie. write w = g(z) so

du d

Lo = Do = (@) (~u?)

_9'(@)
g(z)°

Then

W_ 1
de g (z)dz

J(2) @) _f@)d (@)

_f(m)g(w)2 g g(@)?
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To simplify we note that the common denominator is g (z)? hence

dy _g(@) f'(z) = £ () ¢ (z)

dz g (z)>
Examples:
dm(xe ) = :de(e )+e da:(x)
= ze¥ +e’ =€’ (x+1);
d (%)) — z () — e* (x) _ xel — e®
dx (33)2 2
633
- — —1);
“ - 1)
d d
Lle?) = & (e%)  where u=—z? . du= —2zdx
dx dx

— (—2z)e
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1.4.4 Implicit Differentiation

Consider the function
y=a”
where a is a constant. If we take natural log of both sides
Iny =xlna

and now differentiate both sides by applying the chain rule to the left hand

side
1dy
——— = Ina
ydx
dy |
— = na
dx Y
and replace y by a” to give
d
Y .
dx

Page 52


Fanyu Zhao


This is an example of implicit differentiation.

We could have obtained the same solution by initially writing a® as a combi-
nation of a log and exp

y = exp(Ina®) =exp(zlna)
d d
! Y ( xlna\ _ _xlna %
vy = - (e )—e dx(xlna)
= a”Ina.

Consider the earlier implicit function given by
4y4 — 2y2x2 — ywz + 22 4+3=0.

The resulting derivative will also be an implicit function. Differentiating gives

16y3y’ — 2 (Zyy'azz + 2y2x> — (y’xz -+ ny) = —2x
(16y3 — 2ya:2 — £U2) y = —2z+ 4y2a: + 2xy
J = —2x + 4y2m + 2xy

16y3 — 2yx2 — 2
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1.4.5 Higher Derivatives

These are defined recursively;

v df d (df
ff(z) = da::_dx<da:2)
n _ ﬂ_ d (d°f
foe) = dz3  dx (dm2>

and so on. For example:

f(z) = 423 — f (2) = 1222 — " (z) = 24z
" (z) = 24— fl)(z) = 0.

so for any nth degree polynomial

f(z)=anz" +ap_12™" 1+ ... + a1z + ag

we have f("*+1) (z) = 0.
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Consider another two examples

flz) = €

fl(x) = ¢ — f"(x)=¢"

(@) = & = f(a).
g(z) = logz — ¢ (z) =1/x
g' (@) = —1/a® — ¢" () = 2/a>
Warning

Not all functions are differentiable everywhere. For example, 1/x has the
derivative —1/x° but only for x # 0.

1
Easy way is to "look for a hole", e.g. f(x) = p— does not exist at x = 2.

x = 2 is called a singularity for this function. We say f (z) is singular at the
point x = 2.
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1.4.6 Leibniz Rule

This is the first of two rules due to Leibniz. Here it is used to obtain the n
derivative of a product y = wwv, by starting with the product rule.

dy dv du
— = u— — =uD D
T uda: -+ vdx u)v +vDu

then

! = wD?v + 2DuDv + vD%u
y" = uwD3v + 3DuD?v + 3D?uDv + vD3u

and so on. This suggests (can be proved by induction)

D™ (w) = uD™v+ () DuD™ Yo+ (3) D*uD" v+..+ () D"uD" v+

where (n) = "7l

r ri(n—r)!"
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Example: Find the nth derivative of y = 23e9%.

3

Put u = 2> and v = €% and D" (uv) = (uv),, , so

(uv),, = uvn + (?)Ulvn—l + (g) UPVpy—2 + (g) U3Vy—3 + cennenn

uw = z3; u1:3a:2; up = 6x; uz =6; ug =0

= e"; vy = ae’"; vy = a2e®® . ‘o, = a''e
therefore D" (3336‘”) =
x3an€aaz 4+ (?)3x2an—leax 4+ (g)Gxan—Zeaa: 4+ (g)6an—3eax

= e (:1:3@” +n3z%a" P4+ nn—1)d"%3z+n(n—-1)(n—2) an_3)
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1.4.7 Further Limits

This will be an application of differentiation. Consider the limiting case

lim f (@) = 9 orE
r=ag(x) 0 oo

This is called an indeterminate form. Then L’ Hospitals rule states

flz) _ ') _ _ o £ (@)
T—ag (:C) z—a g (:B) x—>ag(r) (w)

for r such that we have the indeterminate form 0/0. If for r 4+ 1 we have

' f(r+1) (z)
:ULnag(r—Fl) (z)

where A is not of the form 0/0 then

L@ U ()
Mag (@) ~ # gl (z)
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Note: Very important to verify quotient has this indeterminate form before
using L'Hospitals rule. Else we end up with an incorrect solution.

Examples:

cosx +2x — 1 0

[im
x—0 3x 0

So differentiate both numerator and denominator —

d .

—(cosx +2x — 1 — 2 0 2
Iimdm( . ):“m sinx + 75__>_
x—0 %(333) x—0 3 0 3

. et te =2 . , o
2. lim ; quotient has form 0/0. By L' Hospital's rule we have
r—0 1 — cos2x
X

e —X

lim _ , which has indeterminate form 0/0 again for 2nd time, so
x—0 2sin2x

— €
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we apply L' Hospital's rule again

et L e ? 1
lim = —,
x—0 4 cos 2x 2

. 2 00 , _ _ 2x
. lim — = — = use L'Hospital , so Ilim — — oo
T—=XInr oo T—0]1 /x
3z
: € oo :
. lim — === lim 3ze%* — o
T—=Olnxy oo  T7X
$2
. lim x%e73% = 0.00, so we convert to form co/oco by writing lim ——,
T —00 xr—00 3%
and now use L'Hospital (differentiate twice), which gives lim — 0
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sin &

6. lim = |limcosx ~ 1
r—0 2o x—0

What is example 6. saying?

When x is very close to 0 then sinxz = x. That is sinx can be approximated
with the function x for small values.
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1.5 Taylor Series

Many functions are so complicated that it is not easy to see what they look
like. If we only want to know what a function looks like locally , we can
approximate it by simpler functions: polynomials. The crudest approximation

is by a constant: if f(x) is continuous at =z,
f(z) = f (20)
for « near xg.

Before we consider this in a more formal manner we start by looking at a simple

motivating example:

Consider f (z) = e”.
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Suppose we wish to approximate this function for very small values of x (i.e.
x — 0). We know at z = 0, % — 1. So this is the gradient at x = 0. We
can find the equation of the line that passes through a point (xq, yg) using

y —yo =m(x — xp).

Here m = % =1, 20=0, yg=1,s0y =1+ x, is a polynomial. What
iInformation have we ascertained from this?

If £ — 0 then the point (x,1 + x) on the tangent is close to the point
(z,e*) on the graph f (x) and hence
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Suppose now that we are not that close to 0. We look for a second degree
polynomial (i.e. quadratic)

g(:c):aa:z—l—ba:—l—c—>g/:2a,aj—|—b—>g”:2a

If we want this parabola g () to have

(i) same y intercept as f :

9(0)=f(0) = c=1

(ii)) same tangent as f

g (0)=f(0)=b=1

(iii) same curvature as f

g’ (0) = f"(0) = 2a =1
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This gives

25

20 ~

15

10 -

(en]
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Moving further away we would look at a third order polynomial h (x) which

gives

1 1
T A~ _ 3 2
e Nh(x)—3!x —|—2!w +x+1

25
20 -
15

10

and so on.
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Better is to approximate by the tangent at xg. This makes the approximation
and its derivative agree with the function:

f () = f (z0) + (z — z0) f' (20)-
Better still is by the best fit parabola (quadratic), which makes the first two

derivatives agree:

(2) %  (w0) + (& — 20) f' (%) + , (& — 0)? §" (o).

This process can be continued indefinitely as long as f can be differentiated

often enough.

The nth term is

1
af(n) (z0) (x — z0)",
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where f(") means the nth derivative of f and n! = n.(n—1)...2.1 is
the factorial.

xg = 0 is the special case, called Maclaurin Series.

Examples:

Expanding about the origin g = 0,

R
Near 0, the logarithm looks like
2 3 4 n+1
x x x x
log (1 —rx——+———+4 ... —-1)"
glto)=v—Ft 5 -+ CN T
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How can we obtain this? Put f(z) = log (1 + x), then f(0) =0

@) =15  f(0)=1

f(z) = — (1—|—:c) f1(0) = -1
" (z) = %)3 f(0) =2
fO (@) =~ fD0) =-
Thus
> (o) ,
f) = S5
B 1 (—1) 2
- TRRDY +§2
562 333 $4
= :I;—2—|—3—4—|—...
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Taylor's theorem, in general, is this : If f (x) and its first n derivatives exist
(and are continuous) on some interval containing the point xg then

f(z) = f(xo)+ 4f (wo) (z — x0) +
2" (z0) (z — 20)* + ...
/" (20) (7 — o)t + Rn (2)

where Rp (z) = (1/n!) f (W) (&) (z — o)™, £ is some (usually unknown)
number between xg and x and f('"') is the nth derivative of f.

We can expand about any point £ = a, and shift this point to the origin, i.e.
r — xg = 0 and we express in powers of (z — )" .
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So for f(x) = sinx about x = 7 /4 we will have

o f(n) (=
f(z) = Zof n!<“) (x —m/a)"

where f(1) (%) is the nth derivative of sinz at g = 7 /4.

As another example suppose we wish to expand log (1 4 z) about xg = 2, i.e.
x — 2 =0 then

0

F@) =Y~ (2) (2 -2

n=0""
where () (2) is the nt" derivative of log (1 + ) evaluated at the point

r = 2.

Note that log (1 + x) does not exist for z = —1.
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1.5.1 The Binomial Expansion

The Binomial Theorem is the Taylor expansion of (1 + z)" where n is a

positive integer. It reads:

—1 —1 — 2
n(n—1) , n(n-1)(n-2) 5
2! 3!
We can extend this to expressions of the form

+ ...

(1+2)"=1+nz+

(14+ax)" =1+ n(ax)+ n(gl_l) (az)? + n(n_13)!(n_2) (az)d + ... .

(p + az)" = [p (1+%x>]n=pn [1+n<%az) TR ]
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The binomial coefficients are found in Pascal’s triangle:
1 (n=0) (1+=z)°
1 1 (n=1) 1+2z)!
1 2 1 (n=2) (1+2)?
1 3 3 1 (n=3) (1+2z)°
1 4 6 4 1 (n=4) 1+2)*

1 5 10 10 5 1 (n=5) (1+4x)°

and so on ...
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As an example consider:
(1+2)> n=3=1 3 3 1 - (14+z)°=1+3c+3c2+23
(1+2)° n=5—(1+x)°>=1+5z+ 1022 + 1023 + 52* + 5.

If n is not an integer the theorem still holds but the coefficients are no longer
integers. For example,

l+z) t=1—z+22-23+...

and

(1+2)/2=1+ et (%) (—%) Z—? .
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(a+b)k:al‘C [1+g]k:

k ll—l—kba_l—l—k(k bk D)p2—2 4 bk=1(=2)3,-3 |

A k(kz—l)bzak—z 1 k(k—13)!(k—2)b3ak—3 1

sin
Example: We looked at Iim0 kN | (by L'Hospital). We can also do this
r— XL
using Taylor series:
. sinx . x—ax3/31 4 2%/5! +
lim ~ |lim
z—0 x x—0 T

~ i — 22/31 + /5
a!ino(l a:/3.—|—a:/5.—|—....)

— 1.
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1.6 Integration
1.6.1 The Indefinite Integral

The indefinite integral of f (x),

[ £ @)da,

is any function F'(x) whose derivative equals f (x). Thus if

F(x):/f(x)da: then Z—Z(m):f(m).

Since the derivative of a constant, C, is zero (dC/dx = 0), the indefinite
integral of f (z) is only determined up to an arbitrary constant.
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dF
If — = f(x) then
dx

q dF dC  dF
%(F(CU)-I-C):%(ZU)"'C&E:dx(iﬂ):f(w)-

Thus we must always include an arbitrary constant of integration in an indefinite
integral.

Simple examples are

1
nd - = n+1 C 1 7
/:13 x oy " + (n # —1)
dm axr 1 axr
— = log(x) + C, /e dr = —e"" 4+ C (a #0),
x a
1
/cos arxdr = —sinax + C, sinaxdxr = ——cosax + C
a a
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Linearity

Integration is linear:

[(af @) +8g(a)) dz=a [ f(2)dw+ B [ g(z)da

for constants A and B. Thus, for example

/(Amz —|—Bac3) der = A/azzdm+B/m3d$

A B
— §$3+Z$4+C,

d
/(3ex—|—2/m)dx:3/exdaﬁ—|—2/§:3ex—|—2|og(:v)—|—C',

and so forth.
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1.6.2 The Definite Integral

The definite integral,

Lbf(w)dx,

is the area under the graph of f(x), between z = a and xz = b, with
positive values of f (x) giving positive area and negative values of f (x)
contributing negative area. It can be computed if the indefinite integral is
known. For example

3 1,3 1
/ w3dr = [—274] = — (34 — 14) = 20,
1 4 1 4

€ r=[e']1 =e—1/e.

Note that the definite integral is also linear in the sense that
b b b
/ (Af (z) + Bg(z)) dx = A/ f(:v)da:—l—B/ g (x) dex.
a a a
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Note also that a definite integral

/abf(a:)dw

does not depend on the variable of integration, = in the above, it only depends
on the function f and the limits of integration (a and b in this case); the
area under a curve does not depend on what we choose to call the horizontal

axis.

So
/abf(ili)d:v:/abf(y)dy:/Cbbf(z)dZ.

We should never confuse the variable of integration with the limits of integra-
tion; a definite integral of the form

| f (@) da,

a

use dummy variable.
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If a < b < c then

/acf(x)dx:/abf(x)d:c—l—/bcf(az)d:c.
Also

/Caf(:c)da::—/acf(x)da:.

PPPPPP



1.6.3 Integration by Substitution

This involves the change of variable and used to evaluate integrals of the form

[9(f @) (2)da,

and can be evaluated by writing z = f(x) so that dz/dx = f'(x) or
dz = f'(x)dx. Then the integral becomes

/g (z) dz.

Examples:

14+ 22
T 1 2
/ dr = Elog(z)—FC:EIog(l—i—aﬁ)—l—C

14+ 22
= Iog<\/1—|—:v2>—|—C'

/ * dr :z2=14+ 2% — dz = 2xdx
1
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/xe_xzdx = —— [ efdz

|
|
|
@
N
Q
|
|
|
a
.
_|_
Q

1 1
/—Iog(w)dm /zdz:—z2—|—C’
x 2

= (log (@) +C

with z = log(x) so dz = dx/x and

/em_"exdac — /exeemdaz — /ezdz

e+ C =e +C

with 2z = e? so dz = e*dzx.
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The method can be used for definite integrals too. In this case it is usually more
convenient to change the limits of integration at the same time as changing
the variable; this is not strictly necessary, but it can save a lot of time.

For example, consider

2 9
/16$ 2zxdx.

2 so dz = 2xzdx. Now consider the limits of integration; when

2 — 4 and when r =1, z=1x2=1. Thus

Write z = x
r=2, z==x
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Further examples: consider

/513:2 2xdx
x=1 1+ x2

In this case we could write 2z = 1+ 22, so dz = 2zdx and z = 1
corresponds to z =2, x = 2 corresponds to z =5, and

r=2 2 2=5 dz

/:1;:1 1+:1:2dw - /z:2 z
= [In(2)]5=3 = log (5) — In (2)

In(5/2)

We can solve the same problem without change of limit, i.e.

{In ‘1 —|—x2‘}zii — In5—In2=1In5/2.
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Or consider

[l

r=1 X

in which case we should choose z = log(z) so dz = dx/x and = =1
givess 2z =0, £ =e gives z =1 and so

r—e I z=1 =1
/ 2 o6 (x)da:' — / 2zdz = [22]2 = 1.
y

r=1 X =0 z=0
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When we make a substitution like z = f (x) we are implicitly assuming that
dz/dx = f'(z) is neither infinite nor zero. It is important to remember this
implicit assumption.

Consider the integral
1 1 r=1
2 _ = 1,3 (1 _ =
/_1$d$—3[$ :|$— 1 (1 ( 1))_

Now put z = 22 so dz = 2zdzx or dz = Z\f dxr and when = = —1,

2 =22 =1 and when r =1, 2= 32 = SO

=1 z=1 (]
foey =3 / Vel
r=—1 2

as the area under the curve 1/4/z between z =1 and z =1 is obviously
zero.
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It is clear that z2 > 0 except at * = 0 and therefore that

1 2

/ wlde = =

—1 3
2

must be the correct answer. The substitution z = x“ gave

=1 z=1
ey ey L
r=—1 2

which is obviously wrong. So why did the substltutlon fail?

It failed because f'(x) = dz/dx = 2z changed signs between = = —1
and x = 1. In particular, dz/dx =0 at xz = 0, the function z = T
not invertible for —1 < x < 1.

Moral: when making a substitution make sure that dz/dx # O.
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1.6.4 Integration by Parts

This is based on the product rule. In usual notation, if y = u(x)v (x) then

dy du dv
= —vV+u—
dr dx dx

so that
du  dy dv

T = U
dx dx dx

and hence integrating

d d d d
d—Zvda: = ﬁdm — /uédaz =y (x) — /uédaz +C
or
d d
/—uvdac =u(z)v(x) — /u(az)—vdaz+0
dx dx
l.e.

/u’vdw = UV — /'U/U’da: +C
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This is useful, for instance, if v (x) is a polynomial and w (x) is an exponential.

How can we use this formula? Consider the example

/ xeldr

Put

hence

d
/wexdaz = uv—/u—vdw
dx
= xew—/ex.lda::ex(w—l)—l—c

The formula we are using is the same as

/vdu:uv—/udv—l—C
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Now using the same example [ xe*dx

v=x du=e*dx
dv = dx u=-e’

/vdu — uv—/udv:xex—/exd:c

= ef(x—1)+C

and

Another example

1
2 2x 2 2x 2x

v(x)

and using integration by parts again

1 1 1

/xezxdx = Zge®® — = / e?Tdr == (2z —1)e** + D

2 2 4

SO
1
/azzezxda: = (2562 — 2x + 1) e’ + E.
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1.6.5 Reduction Formula

Consider the definite integral problem

> ¢

putv=t"and v =et — v =nt" land u = —e?
i . 00
— et & n/ e gt
10 0
= — e i" ;O—|— nl,_1
= nn—1)1,_>=..... = nllj
@)
where Iy = / e ldt =1
0

I, is called the Gamma Function.
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1.6.6 Other Results

fi(x)
/f(w)da:—ln|f(a:)|—|—C

e.g.

3
dr =1In|1+ 3 C
/1—|—3:1:x N[+ 3] +

—In|2—|—7a:|—|—C

2+ 733 2+ Tx
This allows us to state a standard result

1 1
/ dr = —Inl|a 4+ bx| + C
a + bx b

How can we re-do the earlier example

L,

1+ 22
which was initially treated by substitution?
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Partial Fractions Consider a fraction where both numerator and denomina-
tor are polynomial functions, i.e.

N
anx™

f
g(x)  $hy
n=0

~

h (x) =

where deg f(z) < deg g(z) ,i.e. N < M. Then h () is called a partial
fraction. Suppose
c A B
(@ta)(@+b) (@ta)  (z+b)

then writing
c=A(x+b)+ B(x+a)

and solving for A and B allows us to obtain partial fractions.
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The simplest way to achieve this is by setting £ = —b to obtain the value of
B, then putting x = —a yields A.

1
Example: Now write

(x —2)(xz+3)

1 A B

($—2)($+3)E$—2+$+3

which becomes

1=A(z+3)+ B(z—2)

Setting t =-3—-B=-1/5;, x=2— A=1/5. So

1 _ 1 B 1
(x—2)(x+3) 5(x—2) 5(r+3)
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There is another quicker and simpler method to obtain partial fractions, called
the "cover-up" rule. As an example consider

x A n B
(x—2)(z+3) x—2 z+3

Firstly, look at the term

5 The denominator vanishes for x = 2, so
x P
take the expression on the LHS and "cover-up" (x —2). Now evaluate the

x
for £ = 2, which gives2/5.So A = 2/5.
(z 4 3) s / /

remaining expression, I.e.

does not exist at t = —3. So cover

Now repeat this, by noting that
P Y s T+ 3

up (x + 3) on the LHS and evaluate
B =3/5.

(z —2)

for * = —3, which gives
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f (z)

Any rational expression (with degree of f(x) < degree of g(x)) such

g(x)
as above can be written
T
f()EFl—I—FQ—I— ........ +Fk
g(x)
where each F; has form
A Cx+ D
or
(2 +a)"™ " (az? +bo + c)n
A L
where — Is written as
(px + q)
Aq n Ao n n A
(pz+q) (pz+q)*> (px +q)™
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and

Cx+ D

= becomes

(aaz2 + bx + c)

Cixz + Dy
ax? + bxr + ¢

oooooo
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Examples:

3r — 2 A n B n C N D
(4z —3)(2z +5)> 4r—3 2z+5 (2z+5)°> (2z+5)3

422 + 13z — 9 _A, B C
z(x+3)(zx—1) =z z+3 (z-1)
323 — 1822 + 29z — 4 A B C D
3 = + + 5+ 3
(x 4+ 1) (x —2) r+1 -2 (xr—2) (x — 2)
5x2 — o + 2 Ax + B Cx+ D E
= + +

(2420 +4) (w—1) PH2+4 7 (;210,14) -1

r? — gz — 21 _Azx+B Czx+ D E

(22 +4)° (22 —1) =2 +4 " (x2+4>2+290—1
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1.7 Complex Numbers

A complex number z is defined by z = x + 1y where z, y € R and
i = +/—1. It follows that i%? = —1.

We call the x— axis the real line and the y— axis the imaginary line.

z may also be expressed in polar co-ordinate form as
z =1 (cosf + isin )

where 7r is always positive and 6 counter-clockwise from Ox.

So x =rcosf, y=rsinb
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X Z = X+Hy

>

modulus of z denoted |z| is defined |z| = r =

+1/x? + y?, argument 6 = arctan Z

The set of all complex numbers is denoted C, and for any complex number z
we write z € C. We can think of R C C.
We define the complex conjugate of z by Z where

zZ =x—1y.

Z is the reflection of z in the real line. So for example if z = 1 — 27, then
z =1+ 2i.
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1.7.1 Arithmetic

Given any two complex numbers z1 = a + b, zp = ¢ + 2d the following
definitions hold:

Addition & Subtraction z1+2zy=(atc)+1i(b=Ed)

Multiplication z1 X 2o = (ac — bd) + ¢ (ad + bc)

z1 a+ib (ac+bd)+i(bc—ad) (ac+bd) (bc— ad)

Divisio _ _ _
WISIon z> c—H+id c? 4 d 2 c? + d? Zcz—l—d2

c — 1d

c —1d

here we have simply multiplied by and note that (¢ + id) (c — id) =

c? 4 d?
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Examples

z21=1+4+2t, 20=3—1

21+20=(14+3)+1(2—-1)=4+1; 2z1—20=(1-3)—i(2—-(-1)) =
—2+ 31

21X2p=(13-2.—-1)+i(l.—1+4+23)=5+5i

21 1423+ 1 7

2 3—@'3+7;_10Jr 10
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1.7.2 Complex Conjugate ldentities

1. (z) ==

2. (21+22) =71 + 22

3. (2122) = Z1%2

4. 2+ 2z =2x =2Rez — Rez =

5. z—2zZ =21y =21lmz = Imz =

6. 2.z = (z +1y) (v — i) = |2|?
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7. 2P =2(Z)=zz= 2> = |z| = |7|

21 21 22  Z1%2
8. = =210 = 20
Zp 22 Z2  |Zo

2.2
9. |2122/% = |21 |22
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1.7.3 Polar Form

We return to the polar form representation of complex numbers. We now
introduce a new notation. If z € C, then

z=r(cosf +isinf) = re.

Hence

' — cos O + isin 0,

which is a special relationship called Euler’s Identity. Knowing sin 6 is an odd
function gives e~ = cos 6 — isin 0. Referring to the earlier polar coordinate

figure, we have:

zl=mr, argz =20
|z| =7, arg

01 05

z1 =r1e”’! and 2o = roe’
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then

2120 = r1r0ef01792) = 121 0o) = rirp = |21] |20
arg (z122) = 01+ 02 = arg(z1) +arg(22).

If 20 = 0 then

01 .
21 rievs 7“_18@(91—92)

) T26i92 - T2

and hence
Al _ lal_n
22 EI
I
z
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Euler’s Formula Let & be any alngle, then
exp (20) = cos O + isin 6.

We can prove this by considering the Taylor series for exp(x), sinx, cosx

w2 3

x_ [E— [E— [—
e —1—|—x—|—2!—|—3!—|— ............. —I—n! (a)
3 5 2n—+1
T A _1yn_*
Sing =2 — = - B[ +(-1) (2n 1 1) (b)
2 4 2n
T T T
-1 — — 4+ — — . —1)"
cCos T o + 2 +(-1) (2n)! (c)
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Replacing x by the purely imaginary quantity 6 in (a), we obtain

. .é) 2 .69 3 -69 n
629:1+z‘9+(7’)+(7’)+ ............. +(7’)
2! 3! nl
92 94 96
B )
, 63 9°
Z<9—§—|—a— ......... )
— cosf +1sinf

Note: When 6 = 7 then expim = —1 and 0 = 7 /2 gives exp (iw/2) = i.
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We can apply Euler’s formula to integral problems. Consider the problem

/em sin zdx

which was simplified using the integration by parts method. We know Re it —

cos 0, so the above becomes
/ex Ime®dx = /Im )T — Im (7“"'1)95

= €e¥lm 1—1F (ew) = e Im (1+%)_(i—i) (em)
= 3e”Im (1 —1i) () = Je” Im (e — ie'™)

= %exlm (cosx + isinx — icosx + sinx)

= 5 e’ (sinx — cosx)

Exercise: Apply this method to solving /ex cos xdx.
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1.8 Functions of Several Variables: Multivariate Calculus

A function can depend on more than one variable. For example, the value of
an option depends on the underlying asset price S (for 'spot’ or 'share’) and
time t. We can write its value as V' (S,t) .

The value also depends on other parameters such as the exercise price FE,
interest rate r and so on. Although we could write V (S,t, E,r,...), itis

usually clearer to leave these other variables out.
Depending on the application, the independent variables may be = and t for

space and time, or two space variables = and y, or S and t for price and

time, and so on.
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Consider a function z = f(x,y), which can be thought of as a surface in
x, Yy, z space. We can think of x and y as positions on a two dimensional
grid (or as spacial variables) and z as the height of a surface above the (z, y)
grid.

How do we differentiate a function f (x,y) of two variables? What if there
are more independent variables?

The partial derivative of f (x,y) with respect to x is written

of
ox
(note O and not d ). It is the x— derivative of f with y held fixed:

of _ . flatizy)— f(zy)

ox o0x—0 ox
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The other partial derivative, 0f /0y, is defined similarly but now x is held
fixed:

Jdy  dy—0 oy '
of of
— and —
ox oy

are sometimes written as fz and fy.

Examples
If

flay)=2+y?+ eV
then

%:fx:1+0+1-e—92

Page 114



0 2
—f:fy:0—|—2y+x-(—2y)e_y.
Iy

The convention is, treat the other variable like a constant.
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Higher Derivatives

Like ordinary derivatives, these are defined recursively:

’Pf 0 (Of

922 fww_%(%)’

27 _ 0 (of

oy2 yy_ay Oy
and

O?f B of

ordy Jay = (%)’

G,

dy
9

o

’Af o of
oydx YU ox ‘
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If f is well-behaved, the 'mixed’ partial derivatives are equal:

fzr:y — fya:

I.e. the second order derivatives exist and are continuous.
Example:

With f (z,y) = = + y° + re~Y° as above,

fgj — 1 +€_y2

SO

_ 2
Jzz = 0; fa:y = —2ye” ¥
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Also

2
fy =2y — 2zxye ¥

SO

2 2 2
fyz = —2ye ¥, fyy=2-—2xe ¥ + Azye Y

NOte that fxy — fyw
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1.8.1 The Chain Rule |

Suppose that = z(s) and y = y(s) and F(s) = f (x(s),y(s)).
Then

dF , . Of da of dy
s ) = 5y @),y (s)) G ols) + 5 (@ (s),y(s)) ()

Thus if f(z.y) =2®+y? and z(s) = cos(s), y(s)=sin(s) we find
that F'(s) = f(x(s),y(s)) has derivative

‘fl_j — _sin(s) - 2 cos (s) + cos(s) - 2sin (s) = 0

which is what it should be, since F (s) = cos? (s) + sin® (s) =1,

l.e. a constant.
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d
Example: Calculate d_j at t = 7m/2 where

z = exp (:cy2> x =tcost, y =tsint.

Chain rule gives

dz Oz dx n 0z dy
dt Oxdt Oydt
= y’exp (wy2) (—tsint 4 cost) +

21y exp (azy2) (sint +tcost).

d
At t=7/2 =0, y:7r/2:>d—j

7

t=m/2 8
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1.8.2 The Chain Rule Il

Suppose that z = x (u,v), y = y (u,v) andthat F (u,v) = f (x (u,v), y(u,v)).
Then

8F_8x8f+8y8f nd 8_F_8w8f+8y8f
ou Oudxr Oudy ov Ovdr Ovdy

This I1s sometimes written as

0 Odxrd Oyo 0 0Odxo 0yo

ou 0u8$+8u8y’ ov Gvax—i_@v(‘?y'

so is essentially a differential operator.
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Example:
T =23 — acy—|—y3 where x =rcosf, y =rsinf

or  9Tor 0Toy 5 , 5
o = 8x8r+8y8r_cose<3x —y)—|—sm9(3y —:c)

= cosf (3r2 cos? 6 — rsin 0) +

sin 6 (3r2 sin2 @ — r cos 9)
= 32 (cos3 0 + sin’ 9) — 2rcosfsinf
= 32 (cos3 0 + sin’ 9) — rsin 260.

Page 122



oT
00

oTow 0Ty
Oox 00 Oy 06

—7rsinf (3332 — y) + r cosf <3y2 — a:)
—7rsinf (3r2 cos2 6 — rsin 9) +

r cos 0 (3r2 sin2 0 — r cos 9)

3r3 cosOsin O (sin @ — cos 0) +

2 (sin2 0 — cos® 9) .

12 (sin @ — cos 0) (3r cos O sin @ + sin O + cos 0)
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1.8.3 Taylor for two Variables

Assuming that a function f(x,t) is differentiable enough, near z = =z,
t = 1o,

f(z,t) = f(xo,t0) + (z — o) fz (z0,%0) +
(t —to) fi (o0, to)

1 (r — C170)2 fzz (%0, o)
+5 | +2(z — 20) (t —to) fat (z0,t0) | + -
+(t — t0)? fu (o, to) _

That is,

f (xz,t) = constant 4+ linear + quadratic
+....

The error in truncating this series after the second order terms tends to zero
faster than the included terms. This result is particularly important for |td's
lemma in Stochastic Calculus.
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Suppose a function f = f (x,y) and both x,y change by a small amount, so
xr — x + o6x and y — y + dy, then we can examine the change in f using
a two dimensional form of Taylor

flx+ox,y+0y) = f(z,y)+ fadz + fydy +
Jzydzoy + O (5332, 5y2) :
By taking f (x,y) to the lhs, writing

df = f(z + dz,y + 6y) — f(z,v)
and considering only linear terms, i.e.

of of
df = —06 —0
/ ox x—l_@y Y

we obtain a formula for the differential or total change in f.
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